This paper introduces the concepts of fuzzy hyper B-ideals, fuzzy weak hyper B-ideals and fuzzy strong hyper B-ideals in hyper B-algebras and investigates the relationship among these fuzzy hyper B-ideals. Moreover, an example is provided showing that these fuzzy hyper Bideals are not fuzzy subhyper B-algebras and vice versa. Finally, some characterizations and properties of these fuzzy hyper B-ideals are provided with respect to hyper B-ideals, weak hyper B-ideals and strong hyper B-ideals.
Introduction
The concept of B -algebras was first introduced by J. Neggers and H. S. Kim [9] in 2002. Its introduction influenced some researchers in studying the close relationship between the class of B-algebras and the class of groups such as [1, 6] resulting to many published studies on the theory of B-algebras proved parallel to the theory of groups.
The hyperstructure theory was introduced by F. Marty [8] during the 8th Congress of Scandinavian Mathematicians in 1934. This attracted the interest of many researchers because of its wide applications in various fields of mathematics and other scientific disciplines such as chemistry, biology and physics found in [2, 3, 4] .
In 2014, the concept of hyper B -algebras was introduced when J. C. Endam and J. P. Vilela [5] applied hyperstructure theory to B -algebras. Their study characterized the closed and invertible subhyper B -algebras and proved that hyper B-algebras can be considered as an extension of B-algebras. In 2017, A. L. O. Vicedo and J. P. Vilela [10] introduced the notions of (weak, strong) hyper B-ideals and investigated the relationship among these hyper B-ideals. Moreover, they studied relations between hyper B-ideals and subhyper Balgebras and some relations between hyper B-algebras and hypergroups.
The fuzzy set theory was introduced by L. Zadeh [11] in 1965 as a generalization of set theory used as a mathematical tool to answer the ambiguity and imprecision of some concepts present in the human language such as tall man and beautiful houses. A fuzzy set µ is a mapping from any set X to the closed interval [0, 1] .
This paper introduces the notions of fuzzy hyper B-ideals, fuzzy weak hyper B-ideals and fuzzy strong hyper B-ideals in hyper B-algebras and investigates its properties.
Preliminaries
Let H be a nonempty set with a hyperoperation " " which is a mapping from H × H to P * (H), where P * (H) is the set of all nonempty subsets of H. If A and B are nonempty subsets of H, then A B = a∈A,b∈B a b. For simplicity, we write x {y}, {x} y, or {x} {y} as x y. If A ⊆ H and x ∈ H, we write A {x} as A x and {x} A as x A. Thus, A x = a∈A a x and x A = a∈A x a. Definition 2.1 [5] A hyper B-algebra is a nonempty set H with a constant 0 and hyperoperation " " satisfying the following axioms: for all x, y, z ∈ H, (H1) x x; (H2) x H = H = H x; and (H3) (x y) z = x (z (0 y)), where x y if and only if 0 ∈ x y, and for every A, B ⊆ H, A B if and only if for all a ∈ A, there exists b ∈ B such that a b. In such case, we call " " the hyper order in H.
Definition 2.3 [10] Let I be a subset of a hyper B-algebra H such that 0 ∈ I. (i) I is a hyper B-ideal of H if for all x, y ∈ H, x y I and y ∈ I imply that x ∈ I; (ii) I is a weak hyper B-ideal of H if for all x, y ∈ H, x y ⊆ I and y ∈ I imply that x ∈ I; and (iii) I is a strong hyper B-ideal of H if for all x, y ∈ H, (x y) ∩ I = ∅ and y ∈ I imply that x ∈ I.
Definition 2.4 [10] Let f : G → H be a function of hyper B-algebras G and
f is a hyper B-homomorphism if f is a good homomorphism and f (0 G ) = 0 H .
Definition 2.6 [7] Let {µ α | α ∈ A } be a nonempty family of fuzzy sets of X, where A is an arbitrary index set. The intersection of µ α , denoted by
3 Fuzzy Hyper B-ideals of Hyper B-algebras Definition 3.1 Let H be a hyper B-algebra and µ be a fuzzy subset of H. Then µ is said to be a fuzzy subhyper B-algebra of H if the following axioms hold:
(i) inf a∈x y {µ(a)} ≥ min{µ(x), µ(y)}, for all x, y ∈ H;
(ii) for all b, x ∈ H, there exists y ∈ H such that x ∈ b y and µ(y) ≥ min{µ(b), µ(x)}; and
Conditions (ii) and (iii) are called the left fuzzy reproduction axiom and right fuzzy reproduction axiom, respectively. Example 3.2 Let H = [0, 1] be a set with hyperoperation defined on H as follows: for all x, y ∈ H,
Then H is a hyper B-algebra. Define the fuzzy subset µ of H by µ(x) = 1 − x. Thus, by routine calculations, µ is a fuzzy subhyper B-algebra of H. (ii) a fuzzy weak hyper B-ideal of H if for all x, y ∈ H, µ(0) ≥ µ(x) ≥ min{inf z∈x y {µ(z)}, µ(y)}; and (ii) Let H = [0, 1] be a set with hyperoperation defined on H as follows: for all x, y ∈ H,
Then by calculations, H is a hyper B-algebra. Let µ be a fuzzy subset of H defined by µ(x) = 1 − x. Hence, by routine calculations, µ is a fuzzy strong hyper B-ideal of H. Proposition 3.5 Let µ be a fuzzy strong hyper B-ideal of a hyper B-algebra H and x, y ∈ H. Then
(ii) x y implies µ(x) ≥ µ(y); and
Proof : Let µ be a fuzzy strong hyper B-ideal of a hyper B-algebra H and
y, that is, 0 ∈ x y. Then µ(0) ≤ sup z∈x y {µ(z)}. By Definition 3.3(iii) and (i), µ(x) ≥ min{sup z∈x y {µ(z)}, µ(y)} ≥ min{µ(0), µ(y)} = µ(y). Thus, (ii) is proved. Finally, let a ∈ x y. Since µ is a fuzzy strong hyper B-ideal, we have µ(x) ≥ min{sup z∈x y {µ(z)}, µ(y)} ≥ min{µ(a), µ(y)} and hence, (iii) holds.
The following corollary follows from Proposition 3.5(iii).
for all x, y ∈ H. Proposition 3.7 Let H be a hyper B-algebra. Then (i) every fuzzy strong hyper B-ideal of H is a fuzzy hyper B-ideal of H;
(ii) every fuzzy hyper B-ideal of H is a fuzzy weak hyper B-ideal of H; and (iii) every fuzzy strong hyper B-ideal of H is a fuzzy weak hyper B-ideal of H.
Proof : Let H be a hyper B-algebra and let x, y ∈ H.
(i) Suppose that µ is a fuzzy strong hyper B-ideal of H and x y. By Proposition 3.
(ii) Let µ be a fuzzy hyper B-ideal of H. Then by Definition 3.
Hence, µ is a fuzzy weak hyper Bideal of H.
(iii) Follows from (i) and (ii).
The converse of the statements in Proposition 3.7 need not be true as shown in the following examples: Example 3.8 (i) Consider the hyper B-algebra H = {0, 1, 2, 3} in [10] with hyperoperation given by the Cayley table below.
Define the fuzzy subset µ of H by µ(0) = 0.7, µ(1) = 0.6, µ(2) = µ(3) = 0.3. Then by routine calculations, µ is a fuzzy hyper B-ideal of H. Observe that µ is not a fuzzy strong hyper B-ideal of H since 0.3 = µ(2) = inf z∈1 1 {µ(z)} < µ(1) = 0.6.
(ii) Consider the hyper B-algebra H = {0, a, b, c, d} in [10] with hyperoperation given by the Cayley table below. (ii) Let H = {0, a, b, c} be the hyper B-algebra in [10] with hyperoperation defined by the Cayley table below.
Define the fuzzy subset µ of H by µ(0) = 0.8, µ(a) = µ(b) = 0.7, µ(c) = 0.6. Then by routine calculations, µ is a fuzzy subhyper B-algebra of H. Observe that µ is not a fuzzy hyper B-ideal of H since c 0 but 0.6 = µ(c) < µ(0) = 0.8. Also, µ is not a fuzzy weak hyper B-ideal of H since 0.7 = µ(a) < min{inf z∈a 0 {µ(z)}, µ(0)} = min{µ(0), µ(0)} = 0.8. Finally, µ is not a fuzzy strong hyper B-ideal of H since 0.7 = µ(a) < min{sup v∈a 0 {µ(v)}, µ(0)} = min{µ(0), µ(0)} = 0.8.
Let µ be a fuzzy subset of a hyper B-algebra H and t ∈ [0, 1]. Then upper level set µ t is the set µ t = {x ∈ H : µ(x) ≥ t}. Lemma 3.11 Let µ be a fuzzy subset of a hyper B-algebra H. If µ is a fuzzy (resp. weak, strong) hyper B-ideal of H, then for all t ∈ [0, 1] with µ t = ∅, 0 ∈ µ t .
Proof : Let µ be a fuzzy (resp. weak, strong) hyper B-ideal of H. Since µ t = ∅, it follows that there exists a ∈ µ t with µ(a) ≥ t. By Definition 3.3(i) (resp. Definition 3.3(ii), Proposition 3.5(i)), µ(0) ≥ µ(a) ≥ t. Thus, 0 ∈ µ t . Proposition 3.12 Let µ be a fuzzy subset of a hyper B-algebra H. (ii) If µ is a fuzzy weak hyper B-ideal of H, then for all t ∈ [0, 1], µ t = ∅ is a weak hyper B-ideal of H.
(iii) If µ is a fuzzy strong hyper B-ideal of H, then for all t ∈ [0, 1], µ t = ∅ is a strong hyper B-ideal of H.
Proof : Let µ be a fuzzy subset of a hyper B-algebra H and let t ∈ [0, 1] with µ t = ∅.
(i) Suppose that µ is a fuzzy hyper B-ideal of H. Let x, y ∈ H such that x y µ t and y ∈ µ t . Then for all z ∈ x y, there exists b ∈ µ t such that z b, that is, µ(z) ≥ µ(b) ≥ t. Thus, inf z∈x y {µ(z)} ≥ t. By Definition 3.3(i), µ(x) ≥ min{inf z∈x y {µ(z)}, µ(y)} ≥ t. Hence, x ∈ µ t and so µ t is a hyper B-ideal of H.
(ii) Suppose that µ is a fuzzy weak hyper B-ideal of H. Let x, y ∈ H with x y ⊆ µ t and y ∈ µ t . Then for all z ∈ x y, we have z ∈ µ t which means that µ(z) ≥ t. Thus, inf z∈x y {µ(z)} ≥ t. By Definition 3.3(ii), µ(x) ≥ min{inf z∈x y {µ(z)}, µ(y)} ≥ t. Hence, x ∈ µ t and so µ t is a weak hyper B-ideal of H.
(iii) Suppose that µ is a fuzzy strong hyper B-ideal of H. Let x, y ∈ H with (x y) ∩ µ t = ∅ and y ∈ µ t . Then there exists z ∈ (x y) ∩ µ t . This implies that µ(z) ≥ t and so sup z∈x y {µ(z)} ≥ t. By Definition 3.3(iii), µ(x) ≥ min{sup z∈x y µ(z), µ(y)} ≥ t. Hence, x ∈ µ t and so µ t is a strong hyper B-ideal of H.
Thus, H µ = ∅. The next example shows that H µ is either {0} or nonzero. Note that in [10] , {0} may not be a hyper B-ideal, a weak hyper B-ideal and a strong hyper B-ideal of H. Proposition 3.14 Let µ be a fuzzy subset of a hyper B-algebra H.
(ii) If µ is a fuzzy weak hyper B-ideal of H, then H µ = {0} or H µ is a weak hyper B-ideal of H.
(iii) If µ is a fuzzy strong hyper B-ideal of H, then H µ = {0} or H µ is a strong hyper B-ideal of H.
Proof : Let H be a hyper B-algebra and suppose that H µ = {0}.
(i) Suppose that µ is a fuzzy hyper B-ideal of H. Let x, y ∈ H with x y H µ and y ∈ H µ . Then for all z ∈ x y, then there exists a ∈ H µ such that z a. By Definition 3.
(ii) Suppose that µ is a fuzzy weak hyper B-ideal of H. Let x, y ∈ H with x y ⊆ H µ and y ∈ H µ . Then for all z ∈ x y, we have z ∈ H µ , that is, µ(z) = µ(0). Thus, inf z∈x y {µ(z)} = µ(0). Hence, µ(x) ≥ min{inf z∈x y {µ(z)}, µ(y)} = min{µ(0), µ(0)} = µ(0). By Definition 3.3)(ii), µ(0) ≥ µ(x) and so µ(x) = µ(0). Therefore, x ∈ H µ and so H µ is a weak hyper B-ideal of H.
(iii) Suppose that µ is a fuzzy strong hyper B-ideal of H. Let x, y ∈ H with (x y) ∩ H µ = ∅ and y ∈ H µ . Then there exists z ∈ (x y) ∩ H µ . This means that µ(z) = µ(0). Thus, sup z∈x y {µ(z)} = µ(0). By Definition 3.3(iii), µ(x) ≥ min{sup z∈x y {µ(z)}, µ(y)} ≥ min{µ(0), µ(0)} = µ(0). By Proposition 3.5(i), µ(0) ≥ µ(x) and so µ(x) = µ(0). Therefore, x ∈ H µ and so H µ is a strong hyper B-ideal of H.
Let I be a nonempty subset of a hyper B-algebra H and µ I be a fuzzy subset of H defined by µ I (x) = α, if x ∈ I and µ I (x) = β, if x / ∈ I for all x ∈ H and α, β ∈ [0, 1] with α > β.
Lemma 3.15 Let I be a nonempty subset of a hyper B-algebra H. If µ I is a fuzzy (resp. weak, strong) hyper B-ideal of H, then 0 ∈ I.
Proof : Let µ I be a fuzzy (resp. weak, strong) hyper B-ideal of H. Since I = ∅, it follows that there exists a ∈ I with µ I (a) = α. By Definition 3.3(i) (resp. (i) Suppose that µ I is a fuzzy hyper B-ideal of H. Let x, y ∈ H with x y I and y ∈ I. Then for all z ∈ x y, there exists b ∈ I such that z b. By Definition 3.
It follows that inf z∈x y {µ I (z)} = α. By Definition 3.3(i), µ I (x) ≥ min{inf z∈x y {µ I (z)}, µ I (y)} = α. Since α > β, we have µ I (x) = α. Therefore, x ∈ I and so I is a hyper B-ideal of H.
(ii) Suppose that µ I is a fuzzy weak hyper B-ideal of H. Let x, y ∈ H with x y ⊆ I and y ∈ I. Then for all z ∈ x y, we have z ∈ I, that is, µ I (z) = α. Thus, inf z∈x y {µ I (z)} = α. By Definition 3.3(ii), µ I (x) ≥ min{inf z∈x y {µ I (z)}, µ I (y)} = α. Since α > β, it follows that µ I (x) = α. Hence, x ∈ I and so I is a weak hyper B-ideal of H.
(iii) Suppose that µ I is a fuzzy strong hyper B-ideal of H. Let x, y ∈ H with (x y) ∩ I = ∅ and y ∈ I. Then there exists z ∈ (x y) ∩ I and so µ I (z) = α. Thus, sup z∈x y {µ I (z)} = α. By Definition 3.3(iii), µ I (x) ≥ min{sup z∈x y {µ I (z)}, µ I (y)} = α. Since α > β, we have µ I (x) = α.
Hence, x ∈ I and so I is a strong hyper B-ideal of H.
The next corollary follows from Proposition 3.16. (i) If µ α is a fuzzy hyper B-ideal of H for all α ∈ A , then so is a∈A µ α .
(ii) If µ α is a fuzzy weak hyper B-ideal of H for all α ∈ A , then so is a∈A µ α .
(iii) If µ α is a fuzzy strong hyper B-ideal of H for all α ∈ A , then so is a∈A µ α .
Proof : Let {µ α | α ∈ A } be a nonempty family of fuzzy subsets of H, where A is an index set.
(i) Let x, y ∈ H with x y. Since µ α is a fuzzy hyper B-ideal of H for all α ∈ A , we have µ α (x) ≥ µ α (y). Thus, for all α ∈ A , inf α∈A {µ α (x)} ≥ µ α (y). Hence, inf α∈A {µ α (x)} ≥ inf α∈A {µ α (y)}, that is, a∈A µ α (x) ≥ a∈A µ α (y). Moreover, since µ α is a fuzzy hyper B-ideal for all α ∈ A , we have Therefore, the conclusion follows.
(ii) Let µ α be a fuzzy weak hyper B-ideal of H and x, y ∈ H. By the proof in (i), the conclusion holds.
(iii) Let µ α be a fuzzy strong hyper B-ideal of H and x, y ∈ H. By hypothesis, inf a∈x x {µ α (a)} ≥ µ α (x), for all α ∈ A . Then inf a∈x x {µ α (a)} ≥ inf α∈A {µ α (x)} for all α ∈ A . It follows that inf α∈A {inf a∈x x {µ α (a)}} ≥ inf α∈A {µ α (x)}. Thus, inf a∈x x {inf α∈A {µ α (a)}} ≥ inf α∈A {µ α (x)}, that is, inf a∈x x α∈A µ α (a) ≥ α∈A µ α (x) and Hence, the conclusion follows. Proof : Let a ∈ A. Then a ∈ µ(f (z)), where z ∈ x G y. By the hyper B-homomorphism of f , we have f (z) ∈ f (x G y) = f (x) H f (y). Thus, a ∈ B and so A ⊆ B. Conversely, suppose that a ∈ B. Then a = µ(f (z)) where f (z) ∈ f (x) H f (y). Since f is a hyper B-homomorphism, f (z) ∈ f (x) H f (y) = f (x G y). Thus, f (z) = f (z ), where z ∈ x G y. So, a = µ(f (z )), where z ∈ x G y. Hence, a ∈ A which means that B ⊆ A. Therefore, A = B.
Theorem 3.20 Let f : G → H be a hyper B-homomorphism of hyper Balgebras G and H.
(i) If µ is a fuzzy hyper B-ideal of H and 0 x for all x ∈ G, then µ f is a fuzzy hyper B-ideal of G.
(ii) If µ is a fuzzy weak hyper B-ideal of H and 0 x for all x ∈ G, then µ f is a fuzzy weak hyper B-ideal of G.
(iii) If µ is a fuzzy strong hyper B-ideal of H, then µ f is a fuzzy strong hyper B-ideal of G.
